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This paper studies properties of refinable maps and contains applications to dimension theory. 
It is proved that refinable maps between compact Hausdorff spaces preserve covering dimension 
exactly and do not raise small cohomological dimension with any coefficient group. The notion 
of a c-refinable map is introduced and is shown to play a comparable role in the setting of normal 
spaces. For example, c-refinable maps between normal spaces are shown to preserve covering 
dimension and S-weak infinite-dimensionality. These facts do not hold for refinable maps. 
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extendable with respect to a class X 
1. Introduction 
All spaces considered are Hausdorff spaces, and all maps are continuous functions. 
In [5], Ford and Rogers defined a map f: X + Y from a compact metric space X 
onto a compact metric space Y to be refinable if for each E > 0 there is an e-map 
from X onto Y whose distance from f is less than E. Refinable maps are interesting 
and useful in shape theory and generalized ANR theory, and many authors have 
investigated them, for example, [4], [6], [7], [8], [12] and [13]. The results from [7, 
Theorem 1.8(4)] and [ 12, Theorem I.161 suggested and those in [8] clarified that 
refinable maps ought to be interesting and useful in dimension theory. 
Recently, in [15], Watanabe defined refinable maps for arbitrary spaces. A map 
f: X+ Y is said to be a Q-map for an open cover % of X provided for every YE Y, 
there is U E % such that f-‘(y) c U Two maps f, g :X + Y is said to be v-near for 
an open cover ‘V of Y, written (f, g) s Yf, provided for every x E X, there is an 
element V E Zr which contains both f(x) and g(x). A surjective map r: X + Y is 
said to be refinable if for every normal open cover % of X and every normal open 
cover V of Y, there is a surjective Q-map f : X--f Y such that (r, f) s ‘I’: We call 
such a map f a (Q, V) -refinement of r. In the case that X and Y are compact metric 
spaces, Watanabe’s definition of refinable maps clearly coincides with that given by 
Ford and Rogers. 
0166-8611/81/S3.00 @ 1984, Elsevier Science Publishers B.V. (North-Holland) 
In this paper vve study refinable maps between compact spaces and present 
applications to dimension theory. In Section 2 we introduce the conceot of a space 
X being “extendable with respect to a class Z of ANR’s” and show that refinable 
maps between compact spaces preserve the extendability with respect to any class 
x. One corollary is that refinable maps between compact spaces preserve covering 
dimension exactly, and do not raise small cohomological dimension with any 
coefficient group. ,Moreover, refinable maps between compact spaces preserve weak 
infinite-dimensionality. 
In Section 3, the specialized notion of c-refinable maps is introduced. It is shown 
that c-refinable maps between normal spaces preserve covering dimension and 
S-weak infinite-dimensionality. 
Throughout this paper dimension means covering dimension and we denote by 
dim X the covering dimension of a space X. The symbol ANR is used to specify 
an absolute neighborhood retract for the class of metric spaces. 
2. Refinable maps on compact spaces 
Let % be a class of ANR’s. A space X is said to be extendable with respect to SIC 
if for any closed subset A of X. any element K E Yl and any map f : A --, K, there 
is a continuous extension of f over X. 
2.1. Theorem. Let r : X + Y be a refinable map between compact spaces and let Yz! 
be a class of ANR’s. If X is extendable with respect to Yl, then Y is extendable with 
respect to YL 
For the proof of Theorem 2.1 we need the following lemma (compare [9, Lemma 
11). It is an immediate consequence of [lj, Lemmas (27.3) and (27.4)]; hence we 
omit the proof. 
2.2. Lemma. Let f: X + P be a map from a compact space X to a compact polyhedron 
P. Then for ecery open cotter Vof P there is an open cover %! of X such that if g: X + Y 
is a Q-map from X onto a compact space Y, then there is a map h : Y + P such that 
(hg,f)s r/“. 
Proof of Theorem 2.1. Fix any closed subset B of Y, any element K of ?C and any 
map p:B-*K. Let A=r-‘(I?). Let (X, A)={(X,,A,),p*,,., ‘1) and (Y, B)= 
{( Y,? 4 ), qp&&,’ M} be inverse systems of compact polyhedral pairs such that 
lim(X, A) =(X, A) and lim( Y, B) = (Y, B). Let pA: (X, A) + (X,,, A,,), A E 11 and 
z( Y, B)+ (Y,, B,), PEM be the projections. Since lim{q,lB} is a map on 
lim{B,, qrr,I B,,, M} = B, there is CL E M and there is a mar@,: B,, + K such that 
71) Pr4D=P. 
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Moreover, there is a compact polyhedral neighborhood V of B, in Y, and there 
is a continuous extension p*,: V + K of p,. Thus there is an open cover %‘,, of Y,, 
such that 
(2) if two maps k, 1: Z + V from any space Z to V are V,,-near, then k = 1 in V. 
Let 3.: be an open cover of T, which is a star-refinement of V;. Since (Y,, B,) is 
a compact polyhedral pair, by the proof of [9, Lemma 31, there is A E A and there 
is a map f: (X,, A,,) --, ( Y,, B,) such that 
(3) (fp*r q,r) s v:. 
Let A’ = p;‘f-‘( V). Since X is extendable with respect to .%C, there is a map LY: X+ K 
such that 
(4) ~]A’=&rf.&A’. 
Thus there is A’ 2 A in rl and there is a map CY*.: X,. --, K such that 
(5) a,,~,~ = cr. 
Since a,,~,,, / A = a( A = /?@fpA IA = filrfpAh,p,,’ 1 A, by taking a sufficiently large A’ 2 A 
in .I if necessary, we may assume that 
(6) w~&=&fp&%. 
Moreover, since p;l, f-‘( V) is a neighborhood of A,,, in X,-, there is a neighborhood 
C.J of A,, in pihl,f-‘( V) such that 
(7) %,I LT=&fp**,I CJ. 
Let 071,, and -U?, be open covers of X,. such that 
(8) %p refines (fpA,-)-‘(~,L 
(9) St(A,,: %I,,) =U{ U’ E %A. I U’n A,, f 0) is contained in U, and 
(10) %f, is a star-refinement of Q*,. 
Then by Lemma 2.1 there is an open cover “u of X such that 
(11) % refines phJ( %f,), and 
(12) for any %-map k: X + Z from X onto any compact space Z, there is a map 
1: Z+ X,. such that 
(lk, PA.) s Q:.. 
Since r(X-St(A: %)) A B = 0, there is an open cover V of Y such that 
(13) “cr refines q;‘( ‘Vz), and 
(14) r(X-St(A: %))nSt(B: y)=@. 
Since r is a refinable map, there exists a (%, “l/^)-refinement g: X + Y of r. Then by 
(12) there is a map h: Y + X such that 
(15) (hg, PA,) s We. 
Claim 1. h(B)c U 
Proof of Claim 1. For any point b E B there is a point x E X such that g(x) = b. 
Since (r,g)s Y by (14), xeSt(A: %). By (11) p,(St(A: %))c St(A,,: UzV). Hence 
there is UT E Q?, such that p*,(x) E UT and c/T n A,. # 0. Since h(b) = hg(x), by 
(15), there is USE %:, which contains both h(b) and p*(x). Hence h(b) E 
St( UT: %?,) and St( UT: %:a) n A,, f 0. Therefore by (9) and (lo), h(b) E U. That 
is, h(B)c U. 
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By Claim 1 and (7). 
(16) a,Ji(B=&j,fp,,J@. 
Claim 2. fpA,+.hlB=qCIIB in V. 
Proof of Claim 2. For any point b E B there is a point x E X such that g(x) = b. 
Since (g, r)~ 7/“, by (13), there is VTE S-z such that q*(b), qpr(x)E VT. By (3) 
there is VT E vz such that q,r(x), fph(x) E V f. Moreover, by (15) and (8) there is 
VTE vz such that fp,(x), fp,,.h(b)~ VT. That is, 
q&&(b),fp,*.h(b)E St( VT: ‘t’*,). 
Hence q,,l l3 and fp,,.hj B are ‘1; -near. Therefore by (2) we have the desired result. 
By Claim 2, (16) and (l), 
a*,hlB~~~fp,*,hIB=p,q,IB 
=Pt&IB 
= P* 
Hence by the homotopy extension theorem p has a continuous extension over Y. 
Therefore Y is extendable with respect to 3%. 
2.3. Corollary. Let r: X-, Y be a refinable map between compact spaces. Then 
dim X = dim Y. 
Proof. A normal space Z is of dim Z c n <CO if and only if it is extendable with 
respect to (9). Hence by Theorem 2.1 dim X 3 dim Y. 
We will show the converse inequality. If dim Y =oo, the proof is clear. Hence we 
assume that dim Y s n < 00. Let % be any finite open cover of X. Since r is refinable, 
there is a Q-map f:X+ Y. Since f is a %-map and closed, there is a finite open 
cover V of Y such that f-‘( P’) refines “u. Then by [3, Theorem 3.2.1 l] there is an 
n-dimensional polyhedron P and there is a V-map g : Y--f P. Then the map gf : X + P 
is a %-map. Hence by [3, Theorem 3.2.1 l] dim X s n. Therefore dim X d dim Y. 
A space X has the small cohomological dimension s-n with respect to an abelian 
group G, written d(X: G) s n, provided each map (Y: A --, K (G: n), from a closed 
subset A of X into an Eilenberg-MacLane space K( G: n), extends to a map 
a’:X+K(G:n) (compare [ll, Definition 35.11). That is, d(X:G)sn if and only 
if X is extendable with respect to {K (G: n)}. Hence the following is an immediate 
corollary of Theorem 2.1. 
2.4. Corollary. Let r:X+ Y be a refinable map between compact spaces. Then 
d(X: G) 2 d( Y: G) for euery abelian group G. 
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Related to Theorem 2.1 and Corollary 2.4 the following problem is open. 
Problem 1. Let r: X + Y be a refinable map between compact spaces and let Z be a 
class of ANR’s. Then if Y is extendable with respect to Z, is X extendable wirh respect 
to xc? 
Specially does the inequality d(X: G) s d( Y: G) hold? 
Next we point out that refinable maps between compact spaces preserve weak 
infinite-dimensionality. A space X is A-weakly (resp., S-weakly) infinite- 
dimensional if for any countable family {(A, B,) 1 i = 1,2,3,. . .} of pairs of disjoint 
closed subsets of X there are separators S, between Ai and B, in X, i = 1,2,3,. . . , 
such that l-l:“=, Si =0 (resp., n;=, S, =0 for some integer nL 1) (see [l, § 10.41). 
A space is A-strongly (resp., S-strongly) infinite-dimensional if it is not A-weakly 
(resp.. S-weakly) infinite-dimensional. 
In the case X is compact it is clear that the two concepts of A- and S-weak 
infinite-dimensionality are equivalent, and therefore, for compact spaces, we use 
the term weakly infinite-dimensional. A compact space is strongly infinite-dimensional 
if it is not weakly infinite-dimensional. 
2.5. Theorem. Let r: X+ Y be a refinable map between compact spaces. If X is 
weakly infinite-dimensional, then Y is also weakly infinite-dimensional. 
The proof of Theorem 2.5 is given by a slight modification of the proof of [8, 
Theorem 11. Hence we omit the details. We remark that by [8, Corollary l] even 
a refinable map between compact AR’s does not preserve strong infinite-dimension- 
ality. 
3. C-refinable maps on normal spaces 
In this section we will extend some results of the Section 2. Specially we take an 
interest in proper refinable maps between locally compact paracompact spaces. 
Then we will introduce a new kind of refinable maps, which involves proper refinable 
maps between locally compact paracompact spaces. For the purpose we assume that 
the readers are familiar with the Stone-tech compactification. We denote by /3X 
the Stone-Cech compactification of a Tychonoff space X and we denote by pf: /3X --, 
PY the extension of a map f : X + Y. We refer readers to [14] for background 
materials on Stone-tech compactifications. 
A surjective map r: X + Y is closed-refinable (abbreviated, c-refinable)if for every 
normal open cover Q of X and every normal open cover 7r of Y there exists a 
(% V)-refinement f or r which is a closed map. We call such a map f a c-( %, ‘V)- 
refinement of r. 
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It is clear that every c-refinable map is refinable, but Example 3.6 establishes 
that the converse is not valid. The proof of Corollary 2.3 shows that, for normal 
spaces X and Y, if there is a c-refinable map from X onto Y, then dim X c dim Y. 
In order to show the converse inequality we will show the following general property 
of c-refinable maps. 
3.1. Theorem. If a surjectice map r : X + Y between normal spaces is c-refinable, 
then the extension pr : PX + p Y is refinable. 
Proof. Let % and V’ be any normal open covers of PX and /3Y, respectively. Take 
finite cozero open covers ‘l? and p of /3X and PY, respectively, such that % is a 
refinement of % and St*(?) is a refinement of ‘V. Then there exist finite cozero 
open covers 3” and 9 of X and Y, respectively, such that Ex(x) and Ex(9) are 
refinements of 4 and p, respectively, where for an open set G of a Tychonoff space 
Z, Ex( G) = j3Z-Cl&Z- G), and for an open cover 9 of Z, Ex( 97) = 
{Ex(G)IGc se). S ince .% and Y are normal and r is c-refinable, there is a c-(x, 9)- 
refinement f: X -, Y of r. We shall now show that the extension Pf: /3X + /IY of f 
is a (Q, V)-refinement of /3r. 
Claim 1. /3f is a Q-map. 
Proof of Claim 1. It is clear that Pf is surjective. Let X= {K,, K2, K3,. . . , K,}. 
Define 
M~={J.JE Ylf-‘(y)c Ki} for each i=1,2,. . . , n. 
Then for each Mi, i = 1,2,. . . , n, is open in Y and A ={M,, M2,. . . , M,} is an 
open cover of Y. Let y be any point of /?Y. Then there is an integer i, 1 s is n, 
such that yc Ex(Mi). Take any open neighborhood 0 of y in PY such that 
Cl,,(O)cEX(M,). Since f-‘(Mi)c Ki and f isclosed, f(X-Ki) isclosedin Y and 
f(X-Ki)nCl,y(O)=O.S ince Y is normal, Cl&f (X - Ki)] n CIPu( 0) = 0. Hence 
f(cl,,(X-Ki)>=Cl,y[f(X-Ki)l~y. 
Therefore 
(of)-‘(y)CpX-Cl,,(X-Ki)=EX(Ki). 
That is, j3f is an Ex(.%)-map. Hence /3f is a Q-map. This completes the proof 
Claim 1. 
Claim 2. (Pf, Pr) s 7r. 
Proof of Claim 2. Since (f, r) d 9, it suffices to show that for any point x0 E PX- X, 
there exists V E “cr that contains both pf(xo) and @(X0). Fix any element Lo E 9 
such that j3f (x0) E Ex(Lo), and take an open neighborhood U of x0 in PX such that 
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/?f( U) c Ex(L,). Since (f, r) c 9, for each x E U n X, there exists L,C E P’ such that 
f(x), r(x) E L,. Hence 
Therefore 
= St(Ex(L,):Ex(=!F)). 
/+(x0) E /WClp,x t U n X)) = Clpt.[r( U n X)] 
= Cl,,[St(Ex(L,) : Ex(~?))] 
= St”(Ex(L,,): Ex(2’)). 
Choosing VE “c”so that St’(Ex(L,): Ex(9)) c V, V contains both pf(xO) and /?r(xo). 
Therefore (of, /3r) c % This completes the proof of Claim 2. 
By Claim 1 and Claim 2 the extension Pf is a (Q, “I/‘)-refinement of pr. 
Therefore the extension pr is refinable. 
By Theorem 3.1 and Corollary 2.3 we have the following. 
3.2. Corollary. Let r: X + Y be a c-refinable map between normal spaces. Then 
dim X = dim Y. 
Let I@ be the tech cohomology theory based on all finite open covers. The 
small cohomological dimension d,(X: G) based on F of X with respect to an abelian 
group G is defined to be the smallest integer n such that, whenever m 3 n and A 
is closed in X, the homomorphism i*: fi,“(X : G) + fi,“(A : G) induced by the 
inclusion i : A --, X is onto (see [ 1 ?, Definition 3.511). By Theorem 3.1, Corollary 
2.4 and the proof of [ll, Lemma 3.5-41 we have the following. 
3.3. Corollary. Let r: X+ Y be a c-refinable map between normal soaces. Then 
dF(X: G) 2 dF( Y: G) for every abelian group G. 
Next we consider S-weak infinite-dimensionality and c-refinable maps. The fol- 
lowing fact is well-known (see [l, Proposition 10.7.11). 
3.4. Lemma. A normal soace X is S-weakly infinite-dimensional if and only if pX 
is weakly infinite-dimensional. 
Hence the following is an immediate consequence of Theorem 3.1, Lemma 3.4 
and Theorem 2.5. 
3.5. Corollary. Let r : X --* Y be a c-refinable map between normal spaces. If X is 
S-weakly infinite-dimensional, then Y is also S-weakly infinite-dimensional. 
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Next we will show that c-refinableness in Theorem 3.1. Corollaries 3.2, 3.3 and 
3.5 cannot be replaced by refinableness. 
3.6. Example. For each 1 s n c zc let X, be the soace I” with the discrete topology, 
let Y,, be the space I” with the usual topology and let r,,: X,, + Y,, be the identity 
function on I”. Then X,, is a locally compact metric space, Y,, is a compact metric 
space and 
dimX,=d(X,:G)=dF(Xn:G)=O. and 
dim Y,=d(Y,,:G)=d,(Y,:G)=n 
for every abelian group G and n 2 1. On the other hand, each r,, n 2 1. is refinable, 
because r, is bijective. Hence for each 1 < n < 3c we have the refinable map r,, from 
the O-dimensional locally compact metric space X,, onto the n-dimensional compact 
metric space Y,. We remark that Y, is the Hilbert cube, which is not weakly 
infinite-dimensional. Therefore we have the desired examples. 
We note that Example 3.6 also shows that there are refinable maps that are not 
c-refinable. In fact, a refinable map between locally compact paracompact spaces 
is c-refinable if and only if it is proper. Hence we have the following. 
3.7. Corollary. Let r: X + Y be a proper refinable map between locally compact 
paracompact spaces. Then the extension pr : PX --, p Y is refinable. 
Therefore dim X = dim Y, d,(X: G) 2 dF( Y: G) for every abelian group G. and 
if X is S-weakly infinite-dimensional, then Y is S-weakly infinite-dimensional. 
We note that Example 3.6 shows that properness in Corollary 3.7 is essential. 
and note that there is a proper refinable map r: X+ Y from a locally compact 
metric space X onto a perfectly normal space Y that is not c-refinable. For example, 
let Y be the space defined by [2, Example 3.3.241, which is not a k-space, let X 
be the discrete space which is equal to Y as sets, and let r: X + Y be the identity 
map. Then r is proper refinable but not c-refinable. But in this case both X and Y 
are O-dimensional. Related to our results the following problem remains open. 
Problem 2. Is there a proper map that is refinable but not c-refinable for which the 
results in this section are not valid? 
Specially is there a normal space X that is not a k-space, and if kX is the k-space 
defined by [2, p. 2041, dim kX f dim X? 
Since Clpx(A) = PA for every closed subset A of a normal space X, we can easily 
prove the next lemma. 
3.8. Lemma. Let ZJC be a class of compact ANR’s. Then a normal space X is 
extendable with respect to 2 if and only if /3X is extendable with respect to %C 
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Therefore by Theorem 3.1, Lemma 3.8 and Theorem 2.1 we have the following. 
3.9. Corollary. Let r : X --f Y be a c-refinable map between normal spaces and let K 
be a class of compact ANR’s. If X is extendable with respect to X, then Y is extendable 
with respect to X. 
As an immediate consequence of Corollary 3.9 we have another proof of Corollary 
3.3. We leave details to the readers. 
The author would like to express his thanks to the referee for his valuable 
suggestions. 
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